The paper provides a review and conciliation of the results pertinent to the energy and action associated with electromagnetic radiation obtained using classical electrodynamics and published in several journal papers. The results presented in those papers are based on three systems that generate electromagnetic radiation, namely, frequency domain antennas, time domain antennas and decelerating (or accelerating) charged elementary particles. In the case of radiation generated by a frequency domain antenna, the energy dissipated as radiation within half a period, U, satisfies the order of magnitude inequality U h q e ν ≥ → ≥ where q is the magnitude of the oscillating charge in the antenna, e is the elementary charge, ν is the frequency and h is the Planck constant. In the case of transient radiation fields generated by time domain antennas or the radiation emitted by decelerating (or accelerating) charged elementary particles, the energy dissipated by the system as radiation satisfies the order of magnitude inequality 4π
pated as radiation within half a period, U, satisfies the order of magnitude inequality U h q e ν ≥ → ≥ where q is the magnitude of the oscillating charge in the antenna, e is the elementary charge, ν is the frequency and h is the Planck constant. In the case of transient radiation fields generated by time domain antennas or the radiation emitted by decelerating (or accelerating) charged elementary particles, the energy dissipated by the system as radiation satisfies the order of magnitude inequality 4π r U h q e τ ≥ → ≥ where U is the energy dissipated as radiation by the system, r τ is the duration of the energy emission and q is either the charge in the current pulse in the case of the time domain antenna or the charge of the elementary particle giving rise to the radiation. These results are derived while adhering strictly to the principles of classical electrodynamics alone. These results were interpreted in different papers in different ways using different assumptions. In this paper, we provide a unified interpretation of the results, and combining these results with two simple quantum mechanical concepts, expression for the
Introduction
In several recent publications, Cooray and Cooray [1] [2] [3] [4] [5] investigated the features of electromagnetic radiation generated by antennas working in both frequency and time domain when the radiating charge in the antenna is reduced to the elementary charge. These authors studied the same problem from a different angle by studying the electromagnetic radiation generated by a decelerating charged elementary particle when it strikes an impenetrable perfectly conducting boundary [6] . These studies revealed the existence of several remarkable features associated with the electromagnetic radiation fields as predicted by classical electrodynamics. Even though these studies were conducted independent of each other, the derived results had several similar features. The goal of this paper is to place all investigations in the same framework, review the results, and provide unified conclusions concerning these predictions of classical electrodynamics. Thus, the concepts used here are already presented in the six papers mentioned above. The mathematical expressions related to the energy, momentum, and action of the radiation fields are identical to those presented previously in the papers mentioned above. For this reason, final equations are obtained directly from the respected papers without presenting the derivations. However, some of the definitions of the parameters used here are slightly different from the ones used in those papers and this was done to achieve uniformity in the method of analysis utilized in different studies. Moreover, in the case of the transient antenna, the problem analyzed in the previous paper is a dipole antenna whereas here, a monopole located over a perfectly conducting ground plane is examined.
In Section 2 we will show the results obtained purely based on classical electrodynamics. In Section 3 and 4 it is shown how the results obtained in Section 2 can be combined with the known concepts of quantum mechanics to extract expressions for the elementary charge in terms of other natural constants and the energy density of vacuum. Section 5 presents a summary of the results and conclusions.
Analysis

Frequency Domain Antenna
As the radiating system we will consider an antenna of length L located over a with the x-y plane with z = 0. The antenna is located along the z-axis and is fed by a sinusoidal current from the ground end (i.e. z = 0). The material to be given below is obtained directly from reference [2] .
The power generated by the antenna takes place in bursts of duration T/2, where T is the period of oscillation. Under ideal conditions when all the losses associated with the current propagation along the antenna can be neglected, the median value of the energy radiated within a single burst of duration T/2 is given by the equation
In Equation (1), γ is Euler's constant, which is equal to 0.5772, 0 q is the magnitude of the oscillating charge, λ is the wavelength, and ν is the frequency of oscillation. For a given charge 0 q , the median energy increases with increasing length of the antenna and decreasing wavelength. Let us consider the limits of L and λ . The smallest possible value of the wavelength that one can plug into the equation is in the order of the antenna radius. In the analysis to follow, we assume that the smallest possible radius of an antenna that can exist in nature is equal to the Bohr radius 0 a . We also presume that the largest possible value of the antenna length that one can have in nature is equal to the ultimate radius of the universe that is in causal contact with the observer. This radius is estimated as follows. Consider an observer in an expanding universe. The objects in this universe which are not bound to the observer by any other forces such as gravitational, electromagnetic or nuclear are receding with respect to the observer with a certain speed which increases with the distance from the observer to the object. Consequently, as the distance between the observer and the object increases, there is a certain distance where the objects recede from the observer with the speed of light. This distance is called the "Hubble radius". The space located beyond the Hubble radius expands faster than the speed of light and the observer cannot receive any information from events happening beyond the Hubble radius. Thus, the maximum spatial distance available for the observer within the space that is in causal contact with him is the Hubble radius. The Hubble radius varies with the age of the universe and in the present epoch of the universe the Hubble radius increases with the age of the universe. However, the presence of vacuum energy will provide an upper asymptotic limit to the Hubble radius, a steady state value. Thus, in our universe the maximum length of an antenna that an observer can achieve is limited by this steady state value of the Hubble radius. Let us denote this steady state value of the Hubble radius by R ∞ .
Using this as the ultimate limit of the antenna length, the upper limit of the median energy dissipated within a single power burst of duration T/2 for a given charge is given by, 
Time Domain Antenna
Consider a long and vertical conductor located over a perfectly conducting ground plane. As in the previous case the perfectly conducting plane coincides with the plane x-y with z = 0. A current is injected into this antenna from the ground end (z = 0). Recall that, as before, we are considering the ideal case without any losses. That is, we neglect all the losses such as thermal, dispersive . The duration of this pulse is denoted by τ .
In order to make the analysis general, we define a non-dimensional parameter η as follows:
Note that η denotes the ratio between the duration of the current and the time of travel of the current along the antenna. Following the same procedure used in references [1] [3] and [4] , the energy dissipated by the antenna can be written as 
Let us now consider the action associated with this energy burst. The action is defined as the product of the dissipated energy and the time over which the energy is dissipated. The temporal variation of power associated with the radiation burst varies as 
Substituting for r τ and after simplification we obtain
After substituting for η the action can be written as
As per this equation, the action associated with a given charge q increases with increasing L and with decreasing c τ . Let us consider the natural limits of these parameters. Now, the radiation field as given earlier is valid when c τ is on the order of the radius of the conductor or larger. This is the case because if this condition is not satisfied the radiation fields generated from different parts of the cross section will interfere destructively reducing the amplitude of the radiation field. Thus, the maximum value of the radiation, and hence the action is obtained, when c a τ ≈ , where a is the radius of the conductor. For a given radius, the maximum value of the action is then given by 
Using the same arguments as in the case of frequency domain analysis, the maximum value of the length of the conductor that one can have is equal to R ∞ and the smallest radius is equal to the Bohr radius. Thus, the maximum action associated with a given charge is
Now, the natural unit that is being used to measure the action is 2π h or 4π h . The charge necessary to make the action equal to 4π h is given by
Substituting numerical values for the parameters in the above equation we . Since Equation (12) gives the maximum action possible in nature for a given charge, one can summarize the results by the following inequality: 4π A h q e ≥ → ≥ where A is the action associated with a burst of radiation generated by the antenna and q is the charge associated with the current.
Observe that the reverse of this inequality is not valid. That is, q e ≥ does not lead to 4π A h ≥ . Note that this result is based purely on classical electrodynamics without burrowing any features from quantum electrodynamics.
Radiation Fields Generated by a Decelerating Charged Elementary Particle or Transition Radiation
In the previous sections we have analyzed the radiation fields generated by transmitting antennas, both in the frequency domain and time domain, when their dimensions are pushed to limits allowed by nature. In this section, we will summarize the results obtained in reference [6] for the radiation fields generated when a fast-moving charged elementary particle is incident on a perfectly conducting ground plane. As before the perfectly conducting plane is located along an x-y plane with z = 0. A charged elementary particle moves in the direction of negative z-axis with uniform velocity v and is incident on the ground plane. The deceleration of the particle during this encounter gives rise to a pulse of electromagnetic radiation. If one treats the elementary particle as a point particle the radiation goes to infinity. Thus, to calculate the radiation field, we will treat the charged elementary particle as a charge distribution and consider the movement of the particle as a propagation of a current pulse. The temporal variation of the current pulse is assumed to be Gaussian. The energy dissipated during the encounter between the charged particle and the perfect conductor is given by (with 
As in the previous case, the temporal variation of the power emission is given 
In our study, we are interested in the values of β where ( )
β ≈ . Under these conditions, the action reduces to 
Observe that the action reaches infinity when β goes to unity; i.e. when the speed of the particle reaches the speed of light. Due to relativistic change of mass of the particle its speed can never become equal to the speed of light. However, in principle, there is no restriction for the speed of the particle to reach values which are infinitesimally close to the speed of light. Assume that the particle is moving with speed of light along the z-direction. Since, the speed of light is the maximum ever possible speed of the charged particle, this indicates that the speed of the particle in any direction along the x-y plane is equal to zero. However, this contradicts the Heisenberg's position-momentum uncertainty principle. Since the particle is confined inside the Hubble sphere, according to Heisenberg's uncertainty principle the speed of the particle in any given direction could not be equal to zero. Perivolaropoulos analyzed this problem in reference [8] , and according to the results there is a minimum momentum associated with the particle in any given direction, and the speed min v of the particle associated with this minimum momentum is given by [8] 
Thus, the maximum speed of the particle in any given direction in space is limited to a value max v given by
This will limit the minimum value of ( )
In the above equation m is the mass of the charged elementary particle. Substituting this in Equation (16) we obtain the maximum value of the action associated with any given charge as The charge necessary for this action to be equal to 4π h is given by
Consider a charged elementary particle having the mass identical to an electron. Replacing the mass m in Equation (21) by the mass of the electron e m and re-writing the equation in terms of well-known atomic parameters we obtain
In the above equation, α and 0 a are the fine structure constant and the Bohr radius respectively. Equation (22) gives the charge necessary in an elementary particle having a mass equal to that of an electron so that the action be- 
Discussion
Frequency Domain Antenna
In the analysis, we have assumed the length and radius of the radiating antenna have the extreme limits allowed by nature. Let us refer to such an antenna as the "ultimate antenna". It is important to note that if the antenna length is decreased or the antenna radius is increased from these extreme values, the magnitude of 
Using the above expression for the elementary charge one can express the fine structure constant α as
In terms of the vacuum energy density the fine structure constant is given by 
Note that even though Equations (5) and (23) 
Equation (26) is an expression for the energy density of vacuum in terms of well-known physical constants. If we substitute numerical values to these constants, we find . Indeed, this is the value we need in Equation (5) to make 0 q e = .
Equation (26) can be considered as an alternative expression for the vacuum energy density.
In a glance, it is difficult to understand how the charge of an electron and the size of the steady state (or the ultimate) Hubble radius, as indicated by Equations (5) and (23), are connected. We believe that the relationship between the size of the universe and the elementary charge is a secondary relationship. As per Equations (5) and (23), the true primary connection is probably associated with the energy density of the vacuum and the elementary charge.
Time Domain Antenna
The results presented here are based on the work presented in references [1] [3]
and [4] . However, there are a few differences in the definition of the parameters.
For example, here, the duration of the radiation field is defined by analyzing the temporal variation of the power of the radiation field whereas in references [1] [3] [4] and [6] the duration is defined using the current waveform. This difference in the definition of the duration of the energy burst had caused a few percent change in the calculated value of o q . One more difference is the fact that in references [1] [3] and [4] the radiating antenna consists of a dipole whereas here a monopole antenna over a perfectly conducting ground is used. The aim here was to evade the problem of two current waveforms taking part in the radiation.
As in the case of the frequency domain antenna, a reduction in length of the antenna or an increase in the radius of the antenna will lead to a reduction in the energy dissipation. That means, to generate the same level of radiation as the ul- , which indeed is the case under consideration, the z-component of the momentum transported by radiation is given by U c [5] . Note that due to symmetry, the net momentum has only a z component. Let Substituting for z ∆ and z p ∆ in the latter we obtain 4π r U h τ ∆ = . Now, when the charge responsible for the radiation is on the order of the elementary charge, the uncertainty in the energy is comparable to the energy itself. This is the case, because the elementary charge is the smallest possible charge that can radiate. As a result, when the charge associated with the current is comparable to the elementary charge, the Heisenberg's uncertainty principle leads to In deriving the above relationship, one had to make several assumptions concerning the definition of the duration of the radiation burst and the shape of the current pulse. For these reasons the inequality derived here can be considered as an order of magnitude approximation. It is important to point out that the results presented here are based on a Gaussian current pulse. Since we ultimately reduce the charge to an electron, the Gaussian pulse could be the most reasonable approximation to represent the charge associated with an electron. However, one can represent the current with other waveforms such as finite step, exponential decay etc. As pointed out in references [1] even with other current waveforms the order of magnitude of the relationship still holds. Note also that the smallest value of q for a give radiation level is obtained for the largest value of the Hubble radius. As the Hubble radius decreases, the value of q increases and hence the above inequality is not disturbed even when using a Hubble radius smaller than the steady state one (we will take up this point later).
In the analysis the current pulse is assumed to propagate with the speed of light along the antenna. It is vital to point out that what is propagating with the speed of light is the current pulse and not the individual charges themselves.
Transition Radiation
While estimating the maximum speed that a particle can have when confined to the Hubble radius we had to appeal to results obtained using quantum mechanics (i.e., Heisenberg's uncertainty principle). Other than that, the derivation is based purely on classical electrodynamics. Following are the other significant points to be considered:
In the case of transition radiation, we have concluded that if 4π A h ≥ then q e ≥ . As in the case of the transient antenna, one can show independently that the constraint 4π A h ≥ is satisfied by the transition radiation. The existence of such a constraint in nature can be understood by appealing again to the Heisenberg's uncertainty principle. Consider the charged elementary particle that will give rise to the transition radiation. The particle is moving along the z-axis with a well-defined speed and hence momentum. Due to Heisenberg's uncertainty principle its location is largely uncertain. At a particular time, the particle will interact with the perfectly conducting plane and gives rise to the transition radiation. Let us consider a hypothetical or "Gedanken" experiment in which the transition radiation itself is used to locate the position of the particle. Since the particle is moving very close to the speed of light, most of the radiation is emitted along the z-axis and the z-component of the momentum associated with the radiation is given by U c . Due to the removal of energy as radiation from the particle, its momentum in the direction of z-axis will become uncertain by an amount equal to U c . That is, the z-momentum uncertainty, To obtain the uncertainty in the location of the particle, one can also appeal to the following argument. If one uses electromagnetic radiation of wavelength λ to locate a particle, it can be located only to an accuracy on the order of λ .
Transition radiation, however, is a time domain pulse and its effective wavelength is about r c τ . Thus, the uncertainty in the position of the particle in the z-direction as estimated from the transition radiation is about r c τ . Use of this uncertainty in position and the uncertainty in the z-momentum estimated earlier in the uncertainty principle will also lead to Equation (28). In the previous section we showed that "if" the condition 
Effects of Including the Time Dependent Hubble Radius
In our analysis, we assumed that the analysis of radiation from antennas and transition radiation is conducted in an epoch of the universe where the Hubble radius remains constant. Based on this assumption and appealing to two quantum mechanical concepts, we have derived several expressions for the elementary charge and the predictions of these equations agree within 1% with the measured value. We believe that this is the correct assumption to be made because in this epoch we will have a truly constant "Hubble constant" and Hubble radius. 
Note that we have used the approximately equal sign (i.e. ≈) in Equations (30) and (31) because in deriving these two equations we had to appeal to the Hei- In this case, the speed of light will have a high value close to the beginning of the universe and decreases as the universe ages. We believe, however, that the correct procedure is to use the steady state Hubble radius in the calculation because this is the largest spatial radius in the universe that an observer can have within which the events taking place are in causal contact. In this case we predict a direct relationship between the elementary charge and the energy density of vacuum. This connection appears logical to us because the radiating electrons are located in a space and time controlled by the vacuum energy which in turn controls the ultimate size of the universe.
Summary and Conclusions
At present, the radius of the universe as given by the Hubble radius increases with time. Thanks to the vacuum energy this radius reaches a steady value as the time increases. This is the maximum value of the Hubble radius ever possible in the current universe. Let us denote this steady and maximum Hubble radius by R ∞ . The radiating systems to be considered here are located within R ∞ . The main results obtained for these radiating systems can be summarized as follows:
1) Consider an ideal antenna located over a perfectly conducting ground plane containing a sinusoidally oscillating current. Increase the length of the antenna to R ∞ and decrease the radius of the antenna to the Bohr radius. Now, reduce the magnitude of the oscillating charge in the antenna to the elementary charge.
Then the energy generated within half a period will be reduced to hν . Based on this result, one can show that for any antenna with oscillating currents the radiated energy satisfies the inequality U h q e ν ≥ → ≥ where U is the energy dissipated as radiation within half a period of the antenna and q is the oscillating charge in the antenna. It is also possible to utilize the results to extract an expression that connects the energy density of the vacuum to the elementary charge.
2) Consider an ideal antenna located over a perfectly conducting ground plane through which a current pulse propagates with speed of light in free space. Increase the length of the antenna to R ∞ and decrease the radius of the antenna to the Bohr radius. Let U be the energy radiated by the antenna and r τ is the time over which this radiation is generated. Now, reduce the magnitude of the current so the charge associated with it becomes equal to the elementary charge. 3) Consider a charged elementary particle that is moving with the maximum possible speed in the universe at a time when the Hubble radius has reached its steady value R ∞ . The particle strikes a perfectly conducting ground plane and the deceleration of the charged particle during this encounter gives rise to transition radiation. Let U be the energy dissipated in the transition radiation and r τ is the time over which this radiation is generated. It can be proved that when the charged particle is an electron the action associated with the radiation 
